Abstract. Every positive element in a purely infinite simple σ-unital C * -algebra A is a finite linear combination of projections with positive coefficients. Also, every positive a in the multiplier algebra M(A) of a purely infinite simple σ-unital C * -algebra A is a finite linear combination of projections with positive coefficients. Furthermore, if the essential norm a ess > 1, then a is a finite sum of projections in M(A). As a consequence, any positive element in the generalized Calkin Algebra M(A)/A or in M(A) but not in A is a positive scalar multiple of a finite sum of projections.
Introduction
In [8] , Fillmore showed that if H is an infinite dimensional Hilbert space, then every operator in B(H) is a linear combination of at most 257 projections. This estimate was subsequently improved by Pearcy and Topping [20] , who showed that 16 projections sufficed. The best result in this direction is due to K. Matsumoto [19] who showed that any selfadjoint operator in B(H) is a linear combination of 5 projections, and hence, any operator in B(H) is a linear combination of 10 or fewer projections.
Subsequently, Marcoux and Murphy generalized the above results, showing that for large classes of C * -algebras C, every element in C is a finite linear combination of projections in C ( [18] , [16] , [17] ). In particular, this result covers all UHF -algebras and all simple unital purely infinite C * -algebras. However, it remained difficult to answer the question whether a positive element is a finite linear combination of projections with positive coefficients in such C * -algebras, a positive combination of projections for short. A result due to Fong and Murphy ( [9, Theorem 11] ) showed that a positive operator c ∈ B(H) can be written as a positive combination of projections if and only if c is not a compact operator of infinite rank.
In this paper, we will continue the efforts of Fong-Murphy and Marcoux-Murphy to consider two problems.
One is: under what conditions on a given C * -algebra C are all positive elements c of C indeed positive combinations of projections?
The other is: for a given C * -algebra C and a positive element c ∈ C, under what conditions is c a finite sum of projections from C?
We note that this second problem is also motivated by ideas from frame theory [5] . The weaker problem when the sums are allowed to be infinite has been completely solved when C = B(H), C is a type III factor and for diagonalizable operators when C is a type II factor (with convergence in the strong operator topology) [10] , and also when C is the multiplier algebra of a simple purely infinite σ-unital but nonunital C * -algebra (with convergence in the strict topology) [11] . Our main results are that every positive element of a simple purely infinite σ-unital C * -algebra A is a positive combination of projections (Theorem 2.11). The same conclusion holds if A is the multiplier algebra of a simple purely infinite σ-unital C * -algebra (Theorem 3.1). If a ∈ M(A) + , where A is a simple purely infinite σ-unital nonunital C * -algebra and a ess > 1, then a is a sum of finitely many projections (Theorem 3.3). As a consequence, every positive element of M(A) \ A is a positive scalar multiple of a finite sum of projections.
Positive combinations of projections
We shall call a positive combination of projections any linear combination n 1 λ j p j of projections p j where all the coefficients λ j are positive. We will study the problem of whether all positive elements in a certain C * -algebra can be written as positive combinations of projections. This property is stronger than the CPproperty in the literature ( [1] ): all positive combinations of projections are norm dense in the positive cone of a C * -algebra. Although in this paper we will be mainly interested in purely infinite simple σ-unital C * -algebras or in the multiplier algebras of purely infinite simple σ-unital nonunital C * -algebras, it may be worthwhile to establish some preliminary results with more generality.
Recall that a C * -algebra is said to have the LP property if each of its hereditary C * -subalgebras is the closure of the linear span of its projections [1] . We need to consider the stronger property: 
It is well known that in an infinite simple and unital C * -algebra and in a multiplier algebra of any stable C * -algebra there always exist two projections p, q such that p ∼ q ∼ 1 and pq = 0, where 1 will denote the identity of the C * -algebra. Fack showed in [6, 
Proof.
Step 1 [16, Lemma 3.4]: In the matrix representation with respect to the
where c i ∈ A are nilpotent of order 2 (i.e., c Step 2 [16, Lemma 3.
] are sums of 4 nilpotent elements of the form qc(1 − q) for some projection q ∈ A and some c ∈ A; again, this follows from the proof of [16, Corollary 3.7 (iii) and (iv)]. It is routine that each of these nilpotent elements has norm bounded by 2.
Step 3 [16, Remark after Theorem 3.6, due to K. Davidson]: For every element of the form qc(1 − q) there are four projections q j such that Halving r 0 , one can write r 0 = r 0 ⊕ r 0 ⊕ r such that r 0 ∼ r 0 and r is equivalent to a subprojection of r 1 . Set
(ii) It is well-known that in unital purely infinite simple C * -algebras and in the multiplier algebras of all stable C * -algebras there always exist two projections p, q ∈ A such that p ∼ q ∼ 1 and pq = 0, as required by Lemma 2.3. It is trivial that the existence of two such projections p, q implies the existence of the three projections p 1 , p 2 , p 3 as required in Lemma 2.4.
Combining the two lemmas above, we obtain the following more general result that holds for all infinite simple C * -algebras and for the multiplier of all stable C * -algebras. 
* all the numbers α j can be chosen to be real.
Proof. By Lemma 2.3,
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let a ∈ A be a positive invertible element. We may assume that a < 1. Then since a ≥ 1 for some > 0, it follows that also 1 − a < 1. Let 1 , 2 > 0 be such that 0 < 1 < 2 < 1/2 and a , 1 − a < 1 − 2 . Choose δ > 0 such that δ < 1 V 0 and δ < 2 − 1 . Note that a − 1 1 is also a positive element of A. Hence, by the hypothesis (2), let a 0 ∈ A be a positive combination of projections such that
By the hypothesis (1),
where the α i 's are complex numbers and q 1 , q 2 , ..., q n are projections in A. Since a 1 is selfadjoint, we can use the trivial relation a 1 = 1 2 (a 1 + a * 1 ) to assure that there exist real numbers α 1 , α 2 , ..., α n such that
Hence,
which is a finite linear combination of projections with positive coefficients, as required.
If a C
* -algebra A satisfies condition (1) of Proposition 2.7, we cannot conclude that the same holds for all its corners rAr of A for projections r ∈ A. Moreover, in general, if all positive invertible elements in a C * -algebra A are positive combinations of projections, we cannot conclude the same for all of its corners rAr. However, this conclusion holds for all the corners of the algebras on which we focus in this paper, namely:
Corollary 2.8. (i) If A is a purely infinite and simple C*-algebra, then for every projection r ∈ A, every positive invertible element in rAr is a positive combination of projections in rAr. (ii) If B is any σ-unital nonunital simple purely infinite C * -algebra, then every positive invertible element in a corner of M(B) is a positive combination of projections in M(B).
Proof. The hypothesis of Proposition 2.6 holds for these corner subalgebras, and condition (1) of Proposition 2.7 holds as well. Moreover, since all purely infinite and simple C * -algebras and their multiplier algebras have the PLP property by Remark 2.1 (ii) and (iii), thus they satisfy the weaker condition (2) of Proposition 2.7. Then the conclusion follows immediately. Now we can present our two key lemmas. 
Lemma 2.9. Let A be C*-algebra with the property that for every projection r ∈ A, every positive invertible element of rAr is a positive combination of projections in
It follows from the inequality
that h is a positive invertible element in the C * -subalgebra p Ap of A. By hypothesis, h is a positive combination of projections and hence so is a. Proof. We prove case (ii) and leave to the reader the elementary case (i) which requires only the final step of the proof of case (ii). Choose t ∈ σ(a) ∩ (1, a ) and four additional numbers {α 1 , s 1 , s 2 , α 2 } such that
Define two continuous functions on [0, a ] as follows: 
Similarly, one can easily see that
By further decomposing if necessary λ ij into a sum of scalars ≤ 1, assume without loss of generality that λ ij ≤ 1 for all i and j. Then set for i = 1, 2,
with the required properties, which completes the proof. 
Then r 0 is an open projection in A * * and her(r 0 ) is a stable hereditary C * -subalgebra of rAr. By Brown's stabilization theorem ( [2] ) one has that her(a) is *-isomorphic to her(r 0 ). Call this *-isomorphism
It follows from the unital case considered above that φ(a), in the unital purely infinite simple C * -algebra rAr (see [3] and [27] ), can be written as a positive com-
is a positive combination of projections in (aAa)
− . The proof is now complete.
Finite sums of projections in multiplier algebras
With some modifications of the construction in the previous section we can prove a stronger result in the multiplier algebras of purely infinite simple σ-unital but nonunital C * -algebras (such a C * -algebra is necessarily stable by [27 Proof. If A is unital, then M(A) = A and then the conclusion follows from Theorem 2.11. Thus assume that A is nonunital, and that a ∈ M(A) \ A. By scaling a if necessary, assume also that a ess > 1. Since M(A) has the PLP property by Remark 2.1(iii), we can proceed with a similar construction as in Lemma 2.10. We consider the cases when a ess is or is not an isolated point in the essential spectrum σ ess (a) := σ(π(a)). In the case when a ess is not isolated, we proceed with the same construction with 2 ) into (p + r)M(A)(p + r) that maps a rank one projection into r and 1 − r into p. Thus a is the image of a positive operator with essential spectrum > 1 and a finite sum of projections by [22] and [4] (see also [12] .)
